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We investigate the effect of the cumulative phase on the photon statistics of the three-mode state
whose evolution is described by the trilinear Hamiltonian HˆI = i~κ
(
aˆbˆcˆ† − aˆ†bˆ†c), wherein the
pump is taken to be quantized (and prepared in a coherent state) and the signal and idler modes are
initially seeded with coherent states. We provide a brief review of the two-mode squeezed coherent
states generated by non-degenerate coherently-stimulated parametric down-conversion, whereby the
nonlinear crystal is driven by a strong classical field. The statistics of the resulting two mode state
have been shown to depend greatly on the cumulative phase Φ = θs + θi − 2φ where θs(i) are the
signal(idler) coherent state phases and 2φ is the classical pump phase. Using perturbation theory,
we analytically show for short times how the photon statistics and entanglement properties of the
resultant state depends strictly on this phase combination. We also present numerical results of the
relevant quantities to show the evolution of the three modes and provide a qualitative analysis of
the steady state valid for long times.
I. INTRODUCTION
Parametric down-conversion has been a readily avail-
able source of non-classical light for many years [1], and
has seen applications in the fields of quantum informa-
tion processing [2], quantum metrology [3] and quantum
imaging [4]. Most often considered is the light generated
through the process of spontaneous down-conversion,
which produces the well known two-mode squeezed vac-
uum state (TMSVS) [5]. In this case a strong classical
UV field is used to drive a nonlinear crystal producing
pairs of frequency down-converted (infrared) photons in
the signal and idler modes, which are initially prepared in
vacuum states. Recently, Birrittella et al. [6] studied the
use of coherently-stimulated parametric down-conversion
in the context of quantum optical interferometry, wherein
the signal/idler modes are initially seeded with coher-
ent states, and noted the interesting effects of the cu-
mulative phase of the two coherent light fields and the
pump field, the latter field assumed to be a classically
prescribed field. One can define the cumulative phase
from the mixing of the three fields as Φ = θs + θi − 2φ,
where θs and θi are the seeded signal and idler coher-
ent state phases, respectively, and 2φ is the phase of the
pump field. This cumulative phase was identified in [7] as
the Gouy Phase [8]. In previous studies of these states,
such as the one by Caves et al. [9], the phases are all set
to zero with the claim that there is no loss of generality
by doing so. But this is not the case as it was found that
the photon statistics of the state greatly depends on the
value of this cumulative phase Φ. This phase manifests
more clearly depending on the ordering of the displace-
ment and squeezing operators when defining the state.
In the literature, the two-mode squeezed coherent states
(TMSCS) are mathematically defined in two ways having
to do with the orderings of these operators acting on the
double vacuum state. The states generated are mathe-
matically equivalent but differ in their implied methods
of physical generation. From an experimental point of
view, we believe that the natural way to think about the
states is to assume coherent light beams are fed into the
input signal and idler modes of the down-converter which
then acts to squeeze those input stateshence the states
are the result of coherently-stimulated down-conversion.
As the coherent states may be defined as displaced vac-
uum states, it follows that the TMSCS is mathematically
defined by the action of the displacement operators on
the vacuum states of each mode of each followed by the
action of the two-mode squeeze operator. However, in the
literature, specifically the papers of Caves et al. [9] and
Selvadoray et al. [7], one finds a definition of the TMSCS
with the operators acting in reverse order, i.e. with two-
mode squeeze operator acting on the double vacuum fol-
lowed by the displacement operator such that the states
generated could be called two-mode displaced squeezed
vacuum states (TMDSVS). Once again, the definitions
are mathematically equivalent with properly chosen dis-
placement parameters, but physically the latter states
are generated by performing independent displacements
on both modes of the two-mode squeezed vacuum. That
does not appear to be an attractive method for gener-
ating the states in the laboratory in view of the fact
that displaced vacuum states (coherent states) are readily
available from well phase-stabilized lasers. As we show
in Section II, this more natural ordering of displacement
followed by two-mode squeezing more clearly displays the
effects of the cumulative phase.
For the method of generation we had in mind, that is,
where the two displacement operators act on the double
vacuum followed by the action of the two-mode squeezing
operation, the average photon number in the quantized
output signal and idler beams strongly depends on the
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2combined phase angle Φ. In the reverse ordering of the
operators where the two-mode squeezing operator acts
on the double vacuum states and where the two displace-
ment operators act on each of the modes of the generated
squeezed vacuum states, the phase effects are still there
but are somewhat hidden, as pointed out in [6]. Fur-
thermore, the joint photon number distributions for the
output signal and idler beams are remarkably altered by
changing Φ from 0 to pi, with the value of pi yielding the
greatest average photon number for a given set of pa-
rameters. Effectively, the phases of the input fields com-
bined such that Φ = pi strongly amplify the signal and
idler beams. On the other hands, if the output signal and
idler beams are subject to arbitrary unitary transforma-
tion, the individual phases may have some affect. As a
specific example, it was shown [6] that having the signal
and idler modes incident on a 50:50 beam splitter will re-
sult in a joint-photon number distribution that depends
heavily on the choice of individual phases.
The work described in [6], as indicated above, is per-
formed within the confines of the parametric approxi-
mation in which the pump field is treated as a classical
undepleted field. Work has been performed in consider-
ing pump depletion with seeded vacuum states [10] with
an emphasis on modeling black hole dynamics. The au-
thors of [10] on to show entanglement between late-time
Hawking radiation and the black hole’s quantum gravita-
tional degrees of freedom. This work was expanded on in
[11] and [12]. We expand on this work, within the frame-
work of quantum optics and quantum state engineering,
by considering the questions: What is the effect of the
quantization of the pump field on the cumulative phase
effects seen when the signal and idler modes are initially
seeded with coherent states? How will the state statis-
tics and entanglement properties of the resultant three
mode state evolve in time as the cumulative and indi-
vidual phases, determined by the initially prepared three
mode state, are varied?
The paper is organized as follows: In Section II we
briefly review the two-mode squeezed states and their
production by spontaneous down-conversion. The effects
of the choices of the phases of the two input coherent
states and of the classical pump field in combination, re-
ferred to as the cumulative phase, are studied as a means
of controlling the properties of the output fields. In Sec-
tion III we first employ a perturbative approach wherein
the pump, signal, and idler fields are all quantized and
initially prepared in coherent states in order to analyti-
cally describe how the state evolves for short times. In
Section IV, we present results based on the direct numer-
ical integration of the relevant coupled differential equa-
tions to obtain non-perturbative results, subject to the
same initial conditions. In all cases, we emphasis the ef-
fects of the cumulative phase on the state statistics as
well as the entanglement properties of the system. In
Section V, we qualitatively discuss the long-time steady
state. Lastly, in Section VI we conclude with a brief
summary and some closing remarks.
II. PHASE EFFECTS IN COHERENTLY
STIMULATED DOWN-CONVERSION IN THE
PARAMETRIC APPROXIMATION
As is well known, non-degenerate parametric down-
conversion has been a reliable source of two-mode non-
classical states of lights in the laboratory for years [1]. In
the parametric approximation wherein the pump field is
assumed undepleted, the interaction Hamiltonian for the
down-conversion process is given by [13]
HˆI = i~
(
γaˆbˆ− γ∗aˆ†bˆ†
)
. (1)
The parameter γ is proportional to the second order non-
linear susceptibility χ(2) and to the amplitude and phase
factor of the pump laser field, assumed here to be a strong
classical field such that depletion and fluctuations in the
field can be ignored. The quantized field modes a and b
are taken to be the signal and idler fields, respectively.
The two-mode squeeze operator Sˆ (z) is realized as [5]
Sˆ (z) = e−iHˆIt/~ = er(aˆbˆe
−2iφ−aˆ†bˆ†e2iφ), (2)
where we have written γ = |γ|e2iφ and where the squeeze
parameter r = |γ|t can be understood as a scaled dimen-
sionless time. Typically the signal and idler beams are
initially in vacuum states, and thus the output state will
be the two-mode squeezed vacuum state (TMSVS) |ξ〉
given by
|ξ〉 = Sˆ (z) |0〉a |0〉b =
(
1− |z|2)−1/2 ∞∑
n=0
zn |n〉a |n〉b
=
1
cosh r
∞∑
n=0
(−1)n e2inφ tanhn r |n〉a |n〉b . (3)
Note that γ and 2φ are the amplitude and phase of the
classical pump field, respectively. The total average pho-
ton number is given by
3n¯total = 〈ψin|Sˆ† (z)
(
aˆ†aˆ+ bˆ†bˆ
)
Sˆ (z) |ψin〉
= 〈ψin|
[(
aˆ†aˆ+ bˆ†bˆ
)
cosh 2r −
(
e2iφaˆ†bˆ† + e−2iφaˆbˆ
)
sinh 2r + 2 sinh2 r
]
|ψin〉 (4)
where we have used the operator relations
Sˆ† (z)
(
aˆ
bˆ
)
Sˆ (z) =
(
aˆ cosh r − e2iφbˆ† sinh r
bˆ cosh r − e2iφaˆ† sinh r
)
, (5)
obtained by use of the Baker-Hausdorff lemma [14]. For
the case of an input double vacuum state, |ψin〉 =
|0〉a |0〉b, the total average photon number is that of the
squeezed vacuum state, given by n¯ = 2 sinh2 r. Here the
average photon number is independent of the pump phase
2φ. The photon states of each mode are tightly correlated
and the state as a whole is highly non-classical due to the
presence of squeezing in one of the two-mode quadrature
operators. The joint photon number probability distri-
bution for there being n1 photons in the a-mode and n2
photons in the b-mode is
P (n1, n2) =
∣∣ 〈n1, n2|ξ〉 ∣∣2 = tanh2n r
cosh2 r
× δn1,nδn2,n, (6)
such that only the diagonal elements n1 = n2 = n
are nonzero. The photon-number statistics are super-
Poissonian in each mode. In fact, tracing over either
mode yields a single mode mixed state with a thermal
distribution [15] [16].
We now turn to a discussion of the two-mode squeezed
coherent states (TMSCS) which we take to be the output
state for an input product of coherent states, i.e. |ψin〉 =
|αs〉a ⊗ |αi〉b where
|α〉 = Dˆ (α) |0〉 = e− 12 |α|2
∞∑
n=0
αn√
n!
|n〉 , (7)
and where Dˆ (α) = eαaˆ
†−α∗aˆ is the usual displacement
operator. The output state, using the compact notation
Dˆ (αs, αi) = Dˆa (αs) Dˆb (αi), is then given by
|z;αs, αi〉 = Sˆ (z) |ψin〉 = Sˆ (z) Dˆ (αs, αi) |0〉a |0〉b . (8)
The process generating the state of Eq. 8 is called, for
obvious reasons, coherently-stimulated down-conversion.
The average total photon number for the state given by
Eq. 8 is
n¯total = 〈αs, αi|
[(
aˆ†aˆ+ bˆ†bˆ
)
cosh 2r − (aˆbˆe−2iφ + aˆ†bˆ†e2iφ) sinh 2r + 2 sinh2 r]|αs, αi〉
=
(|αs|2 + |αi|2) cosh 2r + (e2iφα∗sα∗i + e−2iφαsαi) sinh 2r + 2 sinh2 r, (9)
where we have used the results of Eq.4 and that
Dˆ† (λ) aˆDˆ (λ) = aˆ+ λ, Dˆ† (λ) aˆ†Dˆ (λ) = aˆ† + λ∗. (10)
Setting αs = |αs|eiθs and αi = |αi|eiθi , we have
n¯ =
(|αs|2 + |αi|2) cosh 2r−
− 2|αs||αi| cos Φ sinh 2r + 2 sinh2 r, (11)
where Φ = θs + θi − 2φ is the cumulative phase of
the interaction. Evidently, the average photon num-
ber for the TMSCS depends on the combination of the
phases θs, θi and 2φ. As far as we are aware, the
effects of the phases on the average photon number
in coherently-stimulated parametric down-conversion, as
given in Eq.11, has yet to be demonstrated experimen-
tally. The joint-photon number distribution also depends
only on the value of the Φ for a given set of parameters.
However, the joint photon-number distribution obtained
after the two beams are mixed at a 50:50 beam splitter
depends on the individual values of the coherent state
phases as well as the cumulative phase [6].
In the literature, one quite often finds the TMSCS de-
fined according to the reverse ordering of the squeeze and
displacement operators acting on the vacuum than was
used above. That is, one finds the alternative represen-
tation
|βs, βi; z〉 = Dˆ (βs, βi) Sˆ (z) |0〉a |0〉b , (12)
4where βs = |βs|eiψs and βi = |βi|eiψi are not the same
coherent state amplitudes and phases that appear in Eq.
8. For this ordering, the average total photon number is
given by
n¯total = 〈βs, βi; z|
(
aˆ†aˆ+ bˆ†bˆ
)|βs, βi; z〉
= 〈0, 0|Sˆ† (z) Dˆ† (βs, βi)
(
aˆ†aˆ+ bˆ†bˆ
)
Sˆ (z) Dˆ (βs, βi) |0, 0〉
= |βs|2 + |βi|2 + 2 sinh2 r. (13)
Note that the result displays no obvious dependence on
the phases ψs, ψi, and 2φ. However, the two represen-
tations are equivalent provided
Sˆ (z) Dˆ (αs, αi) Sˆ
† (z) = Dˆ (βs, βi) , (14)
which holds true if
βs = µαs − να∗i , βi = µαi − να∗s , (15)
where µ = cosh r and ν = e2iφ sinh r. The inverse trans-
formations are
αs = µβs + νβ
∗
i , αi = µβi + νβ
∗
s , (16)
so that under these conditions |z;αs, αi〉 and |βs, βi; z〉
are identical states representing different methods of gen-
eration with different displacement operator parameters
for the different orderings.
As mentioned, our result for the average photon num-
ber calculated when performing the squeezing operator
prior to the displacement operation, |βs, βi; z〉 is inde-
pendent of the phases ψs, ψi, and 2φ. That is, there is
no explicit phase dependence. However, because of the
transformations of Eq. 15 and 16, there is an implicit de-
pendence on the phases θs, θi, and 2φ which show up in
the cumulative phase Φ = θs + θi− 2φ in Eq. 11. In this
sense, the phase dependence of Eq. 11 is ”hidden.” Caves
et al. [9] and Selvadory et al. [7] use the definition of Eq.
12 for the TMSCS, though the latter authors, for calcu-
lational convenience, also use the definition given by Eq.
8. Our result in Eq. 13 agrees with that of Selvadoray et
al. [7] who point out that n¯ is insensitive to a certain a
certain combination of angles that here we shall call Ψ,
which in our notation has the form Ψ = ψs + ψi − 2φ.
In the Appendix of [6], the relationship between the
phase angles Φ and Ψ as well as the relationship between
the sets of displacement phases (θs, θi) and (ψs, ψi) is
explicitly shown. The result of Eq. 11 is not inconsistent
with the result of Eq. 13 as long as the relations of Eqs.
15 and 16 hold. The essential point here is that the
phases of the pump field and of the input coherent states,
through Φ, can be adjusted so as to exert control over the
average photon number of the output field of the down-
converter and of the statistics of this field. For the choices
|αs| = |αi| = |α|, we have
n¯ = 2|α|2[ cosh 2r − cos Φ sinh 2r]+ 2 sinh2 r. (17)
For Φ = 0, the term within the brackets goes to zero for
sufficiently high values of r. We are then left with the
dominant contribution n¯ = 2 sinh2 r, which is simply the
average photon number for the two mode squeezed vac-
uum state. Obviously we can maximize n¯ for the choice
Φ = pi. As we show below, these difference choices of Φ
dramatically affect the nature of the photon number dis-
tributions both before and after beam splitting. We also
point out that for a fixed value of Φ, different arrange-
ments of the individual phases affect the photon number
distribution after beam splitting but not before. We note
that Caves et al. [9], who examined the TMSCS as de-
fined through Eq. 12, set φ = 0, stating this can be done
without loss of generality. This is misleading as should
be clear from the preceding discussion.
We now proceed to write down the quantum ampli-
tudes associated with the states |z;αs, αi〉. In terms of
the number states,
|z;αs, αi〉 =
∞∑
n1=0
∞∑
n2=0
c (n1, n2) |n1〉a |n2〉b . (18)
At this point it is useful to convert our two-mode num-
ber state labeling to the angular momentum states |j,m〉
such that we have the mapping [17]
|n1〉a ⊗ |n2〉b = |j,m〉 , j =
n1 + n2
2
, m =
n1 − n2
2
.
(19)
We can rewrite our state in terms of the angular momen-
tum states as
|z;αs, αi〉 =
∞∑
j=0,
1
2 ,1,..
j∑
m=−j
c (j +m, j −m) |j,m〉 .
(20)
5The state coefficients c (j +m, j −m), adapted and cor- rected from a result obtained by Selvadoray et al. [7], are
given by
c (j +m, j −m) = exp [−ipi (j − |m|)]
(
(j − |m|)!
(j + |m|)!
)1/2(
αsαi
µν
)|m|
1
µ
(
ν
µ
)j
×
× L2|m|j−|m|
(
αsαi
µν
)(
αs
αi
)m
exp
[− 12 (|αs|2 + |αi|2) ]exp[ν∗αsαiµ
]
, (21)
where once again µ = cosh r and ν = e2iφ sinh r. The
functions Lkn (x) are the associated Laguerre polynomials.
In terms of the phases θ1, θ2 and φ the amplitudes of Eq.
21 can be written as
c (j +m, j −m) = exp [−ipi (j − |m|)]
(
(j − |m|)!
(j + |m|)!
)1/2(
2|αs||αi|
sinh 2r
)|m|
tanhj r
cosh r
×
× exp
[
i (|m|Φ + 2jφ)
]
L
2|m|
j−|m|
(
2|αs||αi|
sin 2r
)(
| αs||αi|
)m
exp
(
im (θ1 − θ2)
)
×
× exp[− 12 (|αs|2 + |αi|2) ]exp[eiΦ|αs||αi| tanh r]. (22)
Notice the appearance of the cumulative phase Φ =
θs + θi − 2φ. As noted above, the average total photon
number for the two beams in this representation as well
as the joint photon number distribution depends only
on Φ as the individual phases only contribute an overall
phase factor. Before moving on to consider the effects
of quantizing the pump field, we include a more thor-
ough analysis of the photon statistics of the state for
later comparison; we calculate the Mandel Q parameter
[18], defined formally as
Q =
∆2nˆ− 〈nˆ〉
〈nˆ〉 , (23)
such that Q = 0 denotes Poissonian statistics with a
photon number variance equal to its average, Q < 0
denotes sub-Poissonian statistics, useful for quantifying
non-classicality of the state and Q > 1 denotes super-
Poissonian statistics characterized by a very broad spread
in the photon number distribution about its average.
For coherent states, the most classical of quantized field
states, Q = 0, and the photon number distribution is
Poissonian. For the most ’quantum’ of quantized field
states, a Fock state of definite photon number, the pho-
ton number variance is zero and the Mandel parame-
ter is Q = −1, providing a lower bound on the Man-
del Q parameter. For the case of a TMSCS, setting
|αs| = |αi| = |α|, we find
Qs (Φ) = Qi (Φ) = 2 sinh
2 r − sinh
4 r
|α|2 (cosh 2r − sinh 2r cos Φ) + sinh2 r , (24)
which is plotted Fig.1 against the cumulative phase Φ.
We find that both modes remain super-Poissonian for all
values of Φ. This is consistent with the corresponding
joint photon-number distributions detailed in [6] which
show the distribution widening, and the peak migrating
outwards away from the vacuum, as Φ→ pi.
We also wish to comment on the entanglement between
the signal and idler beams as a function of the cumulative
phase. To this end we will consider two separate quan-
tities: the von Neumann entropy and the logarithmic
negativity. For a density operator ρˆ, the von Neumann
entropy is defined as [19]
60.0 0.5 1.0 1.5 2.0 2.5 3.0
3.0
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FIG. 1. Mandel Q parameter for the signal(idler) mode, with
|αs| = |αi| = |α| = 2 and r = 1.2 plotted against the cumu-
lative phase Φ. Both modes remains super-Poissonian for all
values of Φ.
S (ρˆ) = −Tr [ρˆ lnρˆ] = −
∑
k
ρkk lnρkk, (25)
where in the last line of Eq. 25 we assume ρˆ has been
diagonalized with elements ρkk. The logarithmic nega-
tivity is given by [20]
EN (ρs,i) = log2 [1 + 2N (ρs,i)] = log2||ρTis,i||, (26)
where N (ρs,i) is the ’negativitiy’ deriving from the PPT
criterion for separability, and serves as an entanglement
monontone [21]. It is given by
N (ρs,i) =
||ρTis,i|| − 1
2
=
∑
i
|λ(−)i |. (27)
where ||ρTis,i|| is the trace norm of the partial transpose
with respect to the idler mode of the density operator
ρs,i and where λ
(−)
i represent the negative eigenvalues
of ρTis,i. Interestingly enough, for the case of a constant
pump, both the von Neumann entropy and the logarith-
mic negativity are independent of both the choices of the
individual phases as well as the cumulative phase. In
addition to this, both quantities are independent of the
coherent state amplitudes and only depend on the choice
of the squeeze parameter r. Furthermore, the logarith-
mic negativity of the two-mode squeezed coherent states
is simply that of the two-mode squeezed vacuum state
[20]
EN (ρ) = log2
(
e2r
)
. (28)
Here we wish to remark on an error made in the analy-
sis found in [6]. The authors remark on the entanglement
between signal and idler modes through calculation of the
linear entropy, which is the linear approximation of the
von Neumann entropy given by SLin,s(i) = 1 − Tr
[
ρˆ2s(i)
]
where ρˆs(i) is the reduced density operator of the sig-
nal(idler) mode. They claimed that the linear entropy
increases as a function of Φ, that is, the entanglement
between signal and idler modes increase as Φ→ pi. This
is incorrect, as the state was truncated at too small a
photon number in the calculations. In fact, the linear
entropy, like the von Neumann entropy, is independent
of the cumulative phase. The two modes of the TM-
SCS are no more entangled than that of the two-mode
squeezed vacuum state for all values of the phase.
III. QUANTIZING THE PUMP FIELD -
PERTURBATIVE ANALYSIS
So far, we have considered the pump field of the down-
converter to be a classically prescribed field, which means
we have ignored the effects of pump depletion. Next, we
shall study the states produced in the case where the
pump field is quantized and initially taken to be a coher-
ent state. Our goal, once again, is to explore the effects
of the cumulative phase Φ on the evolution of the fully
quantized model. More particularly, our interest is in the
photon statistics of the output signal, idler and pump
modes as well as quantifying the entanglement between
the three modes as the state evolves in time. In the fully
quantum mechanical model the Hamiltonian that drives
the interaction between the three field states is
HˆI = i~κ
(
aˆbˆcˆ† − aˆ†bˆ†cˆ), (29)
where {aˆ, aˆ†} operates on the signal mode, {bˆ, bˆ†} the
idler mode and {cˆ, cˆ†} the pump mode and where the
parameter κ is a coupling constant proportional to the
χ(2) nonlinear susceptibility [22]. The trilinear Hamilto-
nian, Eq. 29, has been investigated numerically as early
as 1970 both in the context of spontaneous parametric
down-conversion [23][24][25][26][27][28] as well as emis-
sion from superradiant Dicke-states [29][30]. The for-
mer, [23]−[28], investigated the eigenvalues of the tridi-
agonal matrix representation of Eq. 29 in the com-
putational ’logical’ basis |n〉L formed from the three-
modes of the down-converter |n〉L = |np0〉p |n〉s |n〉i,
where np0 are the initial number of photons occupy-
ing the pump mode. The latter, [29][30], employed the
Schwinger realization of the SU(2) Lie algebra [17] to
convert the pump-idler modes into the spin-boson rep-
resentation such that the trilinear Hamiltonian can be
written as HˆI = i~κ
(
Jˆ
(p,i)
+ aˆ− Jˆ (p,i)− aˆ
)
. They then go on
to develop differential-difference equations for the state
probability amplitudes cn =L 〈n|e−iHˆIt/~|ψin〉 of the out-
put state |ψ〉out =
∑∞
n=0 cn |n〉L. The trilinear Hamil-
tonian can also be expressed in terms of the SU(1,1)
7Lie Algebra, whereby the signal-idler modes are written
in terms of the su(1,1) ladder operators K
(s,i)
+ = aˆ
†bˆ†
and Kˆ
(s,i)
− = aˆbˆ [17] such that Eq. 29 becomes HˆI =
i~κ
(
cˆ†Kˆ(s,i)− − cˆKˆ(s,i)+
)
. This was the form of the interac-
tion Hamiltonain considered by Nation and Blencowe [10]
and Alsing [11] in their short-time approximation of the
state statistics with a pump field taken as an arbitrary
pure state.
The time-evolved state resulting from the interaction
Hamiltonian Eq. 29 is given by |ψ (t)〉 = Uˆ (t) |ψ (0)〉,
where Uˆ (t) = e−iHˆIt/~, and where the initial three-mode
state is given by
|ψ (0)〉 = |αs〉s ⊗ |αi〉i ⊗ |γ〉p , (30)
where we assume all three modes are initially occu-
pied by coherent states with displacement amplitudes
αs = |αs|eiθs , αi = |αi|eiθi , and γ = |γ|e2iφ. In the
balance of this section we take a perturbative approach
to analytically show how the state properties evolve at
short times with respect to the cumulative phase Φ.
Working in the Heisenberg picture, we calculate the
average photon number in the pump n¯p, signal n¯s and
idler n¯i by the usual
n¯p (t) = 〈ψ (t) |cˆ†cˆ|ψ (t)〉 = 〈ψ (0) |eiHˆIt/~cˆ†cˆe−iHˆIt/~|ψ (0)〉 ,
n¯s (t) = 〈ψ (t) |aˆ†aˆ|ψ (t)〉 = 〈ψ (0) |eiHˆIt/~aˆ†aˆe−iHˆIt/~|ψ (0)〉 , (31)
n¯i (t) = 〈ψ (t) |bˆ†bˆ|ψ (t)〉 = 〈ψ (0) |eiHˆIt/~bˆ†bˆe−iHˆIt/~|ψ (0)〉 .
We can expand the evolution operator in terms of time
e±iHˆIt/~ = 1± iHˆIt/~− 1
2!
(
HˆIt/~
)2 − .... . (32)
Under this approximation, the average photon number
in the pump field is given by
n¯p (τ) = 〈np〉(0) + τ 〈np〉(1) + τ2 〈np〉(2) + ... , (33)
where τ is the scaled dimensionless time τ = κt. Plugging
in and calculating each order, we arrive at the result
〈np〉(0) = |γ|2,
〈np〉(1) = 2|αs||αi||γ| cos Φ, (34)
〈np〉(2) = |αs|2|αi|2 − |γ|2
(
1 + |αs|2 + |αi|2
)
.
It is not surprising when considering the Hamiltonian
that drives the interaction, that only odd orders of the
average photon number produces a dependency on the
cumulative phase Φ. It is also worth pointing out the
dependency between each order of the average photon
number and the Hamiltonian. Employing the Baker-
Hausdorff lemma [31], the first order correction is given
by n¯
(1)
p ∝ 〈
[
HˆI , cˆ
†cˆ
]〉 while the second order correction is
n¯
(2)
p ∝ 〈
[[
HˆI , cˆ
†cˆ
]
, HˆI
]〉, and so forth for higher orders.
In general, for an arbitrary operator Aˆ,
〈Aˆ〉(0) = 〈ψ (0) |Aˆ|ψ (0)〉 ,
〈Aˆ〉(1) = i
~
〈ψ (0) |[HˆI , Aˆ]|ψ (0)〉 , (35)
〈Aˆ〉(2) = 1
2~2
〈ψ (0) |[[HˆI , Aˆ], HˆI]|ψ (0)〉 . (36)
Next we turn our attention towards finding the total av-
erage photon number in the signal and idler modes. Car-
rying out the same procedure as for the pump field, we
can write
n¯s(i) (τ) = 〈ns(i)〉(0)+τ 〈ns(i)〉(1)+τ2 〈ns(i)〉(2)+... , (37)
where once again we can plug in the approximation made
in equation Eq. 32 and use Eq. 36 to find
〈ns(i)〉(0) = |αs(i)|2,
〈ns(i)〉(1) = −〈np〉(1) , (38)
〈ns(i)〉(2) = −〈np〉(2) . (39)
We note that the above could have been found by the
Manley-Rowe relations [32] such that
d
(
n¯s − n¯i
)
dτ
=
d
(
n¯s + n¯p
)
dτ
=
d
(
n¯i + n¯p
)
dτ
= 0. (40)
The above relations also hold as operator equa-
tions as can be seen directly from the Heisenberg
equations of motion. In particular, we note that
d
[
nˆp +
1
2 (nˆs + nˆi)
]
/dτ ≡ 0 which is interpreted as the
annihlation of each pump photon creates a (signal/idler)
pair of photons.
We plot the average photon numbers for the pump as
well as the signal/idler, to second order in τ , in Fig. 2
against scaled time τ for |αs| = |αi| =
√
3 and |γ| = √10.
For very short times, where first order perturbation is
sufficient, the average photon number for the pump and
signal(idler) modes can be expressed
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FIG. 2. Average photon number for the pump field (red) and for the signal/idler (blue) plotted against time τ for 2a.) Φ = 0,
2b.) Φ = pi/2 and 2c.) Φ = pi. Note that |γ|2 = 10 and |αs|2 = |αi|2 = 3 for all figures. Dashed black lines denoting the initial
pump/signal(idler) average photon numbers are included as a relevant point of reference.
n¯p (τ) = |γ|2
(
1 + 2τ
|αs||αi|
|γ| cos Φ
)
,
(41)
n¯s(i) (τ) = |αs(i)|2
(
1− 2τ |αi||γ||αs| cos Φ
)
.
It is readily apparent that for Φ = pi/2 all three modes
remain coherent states. For the choice Φ = pi we see a
gain in average photon number for the signal/idler modes
whilst for Φ = 0, back-action from the signal/idler modes
result in an initial increase in occupation of the pump
mode.
Next we wish to remark on the photon statistics of the
pump and signal/idler modes for short times. To this
end we calculate the second moment of n to first order
〈n2j 〉(1) = 〈nj〉(1)
(
1 + 2 〈nj〉(0)
)
, (42)
where j = p, s, i for pump, signal and idler, respectively,
and to second order
〈n2p〉(2) = 〈np〉(2) + 2|γ|2
[
|αs|2|αi|2
(
2 + |γ|2)− |γ|2 (1 + |αs|2 + |αi|2 + |αs|2|αi|2)+ |αs|2|αi|2 cos 2Φ],
(43)
〈n2s(i)〉
(2)
= 〈ns(i)〉(2) + 2|αs(i)|2
[
|γ|2 (1 + |αi(s)|2) (2 + |αs(i)|2)− |αs|2|αi|2 (1 + |γ|2)+ |γ|2|αi(s)|2 cos 2Φ].
Higher order corrections of 〈nj〉 and 〈n2j 〉 will remain
strictly functions of cos Φ, that is, 〈n2j 〉(k) ∝ cos kΦ +B,
where B is strictly a function of the initial state am-
plitudes; this can be verified by seeing how the boson
operators in the Hamiltonian come in for higher orders.
The photon number fluctuations out to second order in
all three modes are found to be
∆2np (τ) = 〈np〉(0) + τ 〈np〉(1) + τ2 〈np〉(2) + .., (44)
∆2ns(i) (τ) = 〈ns(i)〉(0) + τ 〈ns(i)〉(1) + τ2
(
〈ns(i)〉(2) + 2|αs(i)|2|γ|2
)
+ .. . (45)
We go on to calculate the Mandel Q parameter, Eq. 23,
in this regime. We point out that the Mandel Q parame-
ter will be strictly a function of the cumulative phase Φ,
as only diagonal elements of the density matrix are re-
9quired to determine the expectation values of the quanti-
ties above, and only off-diagonal elements will depend on
the individual state phases. The zeroth order term, Q
(0)
j ,
is zero as all three modes are initially coherent states.
Likewise, it is easy to see using the expectation values
above, that to first order in τ the Mandel Q parameter
is zero for all values of the phase Φ for all modes; for
very short times, all three modes remain Poissonian. To
second order, the Mandel Q parameter is found by
Q
(2)
j (τ) =
τ2
[
〈n2j 〉(2) − 〈nj〉(1) 2 − 〈nj〉(2)
(
1 + 2 〈nj〉(0)
)]
〈nj〉(0) + τ 〈nj〉(1) + τ2 〈nj〉(2)
.
(46)
Plugging in from the equations above we find that to
second order, the Mandel Q parameter remains zero for
all values of the phase for the pump mode while the
signal/idler modes display decreasingly-growing super-
Poissonian statistics as the cumulative phase is varied
from Φ = 0→ pi.
Next we investigate the role of the phases on the entan-
glement properties of the three-mode state. Working in
the Schro¨dinger picture, we can write the time-dependent
state as..
|ψ (τ)〉 =
(
1− itHˆI/~ + ..
)
|ψ (0)〉
=
∑
{N}
(
C
(0)
Np,Ns,Ni
+ τC
(1)
Np,Ns,Ni
+ ...
)
|Np, Ns, Ni〉
=
∑
{N}
∑
i
τ iC
(i)
Np,Ns,Ni
|Np, Ns, Ni〉 . (47)
To first order in time, the two-mode reduced density ma-
trix for the signal and idler modes can be expressed as
ρs,i (τ) =
∑
{Ns,Ni}
∑
{N ′s,N ′i}
|C(0)Ns,NiC
(0)
N ′s,N
′
i
|ei(Ns−N ′s)θs+i(Ni−N ′i)θi ×
×
[
1 + τ
(
2|αi||αs||γ| cos Φ− |γ||αs||αi|
(
NsNie
iΦ +N ′sN
′
ie
−iΦ) )] |Ns, Ni〉 〈N ′s, N ′i | , (48)
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FIG. 3. The Mandel Q parameter calculated to second or-
der in τ for the signal(idler) mode, with |αs| = |αi| =√
3 and |γ| = √10. For short times, the pump remains Pois-
sonian while the signal/idler modes become super-Possonian.
The effects of the cumulative phase on the short term evolu-
tion of the signal/idler mode photon statistics are shown.
where C
(0)
ns,ni is the product of the initial signal and idler
mode coherent state coefficients, given by Eq. 7. In
general, the matrix elements will depend on the individ-
ual phases, as the initial state will. However, correc-
tions to higher order in time, as well as quantities de-
pendent solely on the diagonal elements of the reduced
density matrix (such as the Mandel Q parameter dis-
cussed above), will depend only on the cumulative phase
Φ. Diagonalization of the two-mode reduced density ma-
trix for the signal and idler modes yields elements ρkk
that are solely dependent on the cumulative phase Φ and
not the individual phases. Consequently, as far as phase
dependency is concerned, the logarithmic negativity is
strictly a function of Φ. It is also important to note that
higher order corrections will also depend on the initial
state amplitudes. This is demonstrated in Fig. 4a where
we plot the logarithmic negativity, Eq. 26, to third or-
der in τ for different values of initial signal/idler coherent
state amplitude with a constant phase. We also plot the
logarithmic negativity for different values of Φ with con-
stant coherent state amplitudes in Fig. 4b. While all
three modes remain nearly coherent states, the logarith-
mic negativity increases linearly with time and does not
show any dependency on the initial coherent state am-
plitudes nor on the choice of cumulative phase. This is
precisely what one would expect for the case of a constant
pump where r = |γ|t ∼ √npτ . That is, the logarithmic
negativity is linear in time τ for a constant pump ampli-
tude. This is sensible, as the parametric approximation
still holds for very short times. For later times, as the
pump occuption varies, this no longer remains true, and
we begin to see dependency on other state parameters.
We note that a similar expression to Eq. (47) can be ob-
tained for the reduced density matrix of the signal and
pump modes by tracing out the idler mode.
It is worth noting here that the logarithmic negativity
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FIG. 4. 4a.) Log negativity versus scaled time τ for Φ = 0
with |αs| = |αi| = α and |γ| =
√
10 and 4b the log negativity
for various cumulative phase Φ with |αs| = |αi| =
√
3 and
|γ| = √10. Note that the entanglement between signal and
idler modes will, in general, depend on the amplitudes of the
seeded coherent states as well as the value of the cumulative
phase Φ. This is not true for the case of a constant pump.
is a measure of bipartite entanglement [20]. In using the
logarithmic negativity to measure entanglement between
the signal and idler modes in this case, we must trace out
the pump mode, which in turn throws out information
about the total state as the pump can be shown to be
entangled with the signal/idler modes for times τ > 0.
We will consider a means of working around this in the
following section by partitioning our tripartite state into
two subsystems consisting of the pump and combined
signal/idler modes and measuring the total correlations
between subsystems.
IV. QUANTIZING THE PUMP FIELD -
NUMERICAL ANALYSIS
Next, we consider state evolution of the three modes
through numerical analysis. We use a fourth-order Runge
Kutta method as our means of numerical integration,
where the differential equations to be solved for the
state coefficients are determined through the usual time-
dependent Schro¨dinger equation,
HˆI |ψ (t)〉 = i~ ∂
∂t
|ψ (t)〉 , (49)
where the time-dependent state has the form
|ψ (t)〉 =
∞∑
np,ns,ni
Cnp,ns,ni (t) |np〉p |ns〉s |ni〉i , (50)
and where the state vectors |np〉p |ns〉s |ni〉i denote the
pump, signal and idler modes, respectively. Plugging
Eq.(50) into Eq.(49) yields the differential equation
C˙np,ns,ni = κ
√
np (ns + 1) (ni + 1) Cnp−1,ns+1,ni+1−
− κ
√
(np + 1)nsni Cnp+1,ns−1,ni−1, (51)
subject to the intial value condition
Cnp,ns,ni (0) =e
− 12 (|α|
2+|β|2+|γ|2) × |α|
ns |β|ni |γ|np√
ns!ni!np!
×
× ei(nsθ1+niθ2+2npφ), (52)
which are simply a product of the initial sig-
nal/idler/pump coherent state coefficients prescribed by
Eq. (7). From Eq. (51), the state coefficients and corre-
sponding density matrix can be determined and used to
characterize the evolution of the state statistics.
We begin with a discussion of the state statistics. In
Fig. (5) we plot the pump, signal/idler average photon
numbers for a selection of values of the cumulative phase
Φ, with the corresponding signal-idler logarithmic neg-
ativity. During transient times, back action within the
cavity causes the average photon number for each mode
to oscillate, with the greatest joint-signal/idler occupa-
tion average, corresponding to the largest conversion rate
(and for our case, maximal pump depletion), occurring
for Φ = pi, consistent with what one would see for the
case of a constant pump. Interestingly, we see that points
in which the average occupation between the pump and
signal(idler) modes cross closely correspond to points of
local extrema in the signal-idler logarithmic negativity.
In Fig. 6 we plot the corresponding pump/signal(idler)
Q parameter for Φ = 0, pi/2, pi. For the case of Φ = 0,
the pump quickly becomes sub-Poisonnian as the ini-
tial back action from the signal/idler modes result in
an increase in average photon number, before becom-
ing super-Poissonian at longer times. Meanwhile, the
signal(idler) also become sub-Poissonian, with Q becom-
ing minimum at a point near the second crossing of the
average mode occupations. The Q for all three modes
asymptote at long times, suggesting the steady state has
super-Poissonian statistics (discussed in more depth in
Section V), however, the steady state statistics will de-
pend on the value of the cumulative phase Φ.
As we have stated earlier, one can investigate entan-
glement in the three mode state using bipartite measures
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FIG. 5. Average Photon Numbers for the pump (red) and
signal/idler (blue) modes for 5a.) Φ = 0, 5b.) Φ = pi/2 and
5c.) Φ = pi. We include the logarithmic negativity for one
set of individual phase values between signal/idler modes and
signal/pump modes for reference.
by partitioning the state into two separate subsystems:
one consisting of the pump mode and the other encom-
passing both signal and idler modes. This bipartite split
allows us to measure the total correlations, both classi-
cal and quantum, between subsystems [33] by calculating
the mutual information [34], given by
I (p : s, i) = Sp + Ss,i − Sp,s,i, (53)
where Si denotes the entropy of the i
th (sub)system.
Since the state remains pure at all times, Sp,s,i ≡ 0 and
(a)
(b)
FIG. 6. Mandel Q parameter for 6a.) the pump mode and
6b.) the signal mode, for several choices of the phase Φ. Dur-
ing transient times, both modes can display sub-Poissonian
statistics.
the subsystem entropies satisfy Sp = Ss,i. Consequently,
the entropy of the pump mode is a direct measure of
the entanglement between pump and signal/idler subsys-
tems, I (p : s, i) = 2Sp. Likewise, we can use the mutual
information to comment on the entanglement between
signal and idler modes
I (s : i) = Ss + Si − Ss,i = Ss + Si − Sp, (54)
where we have used the relation between subsystem en-
tropies detailed prior to Eq. (53). We plot the mutual
information between pump and signal/idler modes and
as well as between signal and idler modes for several val-
ues of the phase Φ in Fig. (7b). For transient times, the
entanglement for both cases vary greatly depending on
the choice of cumulative phase, however, at long times,
the mutual informations asymptote to the same value
for Φ = 0, pi. In general, at long times the entanglement
properties between signal and idler modes will depend
on the choice of cumulative phase, however entanglement
between the signal(idler) modes with the pump is inde-
pendent of this phase as shown in Fig. 7. Note that for
all values of the phase Φ at long times, while the signal
is more entangled with the idler mode than it is with the
pump mode, the total correlations between the pump and
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FIG. 7. 7a.) Log Negativity Eρ (N|Φ, τ) between both signal
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Mutual information between signal and idler subsystems and
between pump and signal/idler subsystems.
the joint signal/idler modes is substantially greater than
between the signal and idler modes.
V. MODELING THE STEADY STATE - LONG
TIMES
We now turn our attention towards providing a qual-
itative discussion of the long-time steady state statis-
tics. We note that the long time dynamics of the tri-
linear model has been explored in the past for the case
of spontaneous parametric down-conversion [35][36] in
which the usual mean-field approximation of the pump
mode is made to linearize the boson operator equations.
Our model departs from the previously covered analysis
by allowing the pump to remain a quantized mode, thus
permitting us to remark on the correlations between the
pump and signal/idler modes. As motivation, we con-
sider a comparison between the von Neumann entropy for
the signal/pump modes of the state in question with that
of an effective thermal state of equivalent average photon
number (at each point in time). Recall that for a stan-
dard two-mode squeezed state, each mode separately has
thermal-like statistics [15][16]. This can be verified by, for
example, tracing over the idler mode and considering the
mixed state occupying the signal mode. In Fig. 8 we plot
the von Neumann entropy, defined in Eq. 25, for both
the pump and signal modes, S
(p)
ρ (Φ|τ) and S(s)ρ (Φ|τ),
respectively, along with the entropy SThermal (Φ|τ) of
an effective thermal state of equivalent average pho-
ton number at each point in time. That is, we de-
fine the effective thermal state for an arbitrary quan-
tum state ρ as SThermal (ρ) ≡
∑∞
n=0 [n¯/ (n¯+ 1)]
n |n〉 〈n|
where n¯ = Tr [nˆ ρ] is the mean number occupation num-
ber of ρ. For both figures we include the difference
∆S (Φ|τ) = SThermal (Φ|τ) − S(j)ρ (Φ|τ) where j = s, p.
It is important to note that the effective thermal state
entropy SThermal we are using as a point of comparison
has an implicit dependency on Φ, as the average photon
number of each mode of our three mode state depends
on the cumulative phase Φ. It is clear from Fig. 7 that
the signal/idler modes are very nearly thermal at long
times. This was first posited in the seventies by Walls
and Barakat [23]; that is, each mode settles down to
nearly-thermal-like at long times. Furthermore it should
be noted that at long times the pump field approaches a
constant occuptation number, indicating that our expres-
sions for the two-mode squeezed coherent states with a
constant pump, outlined in the earlier sections of this pa-
per and in more detail in [6] should remain a valid means
of describing the state statistics, provided the initial state
is known (or an effective squeeze parameter determined).
This explanation remains incomplete, as well, as the sig-
nal/idler modes remain entangled with the pump mode
at long times. Consequently, any two-mode analysis will,
by nature, be ignoring information lost by tracing over
the pump mode. For the long time regime, the state co-
efficients are determined through the three-dimensional
recursion relation
√
np (ns + 1) (ni + 1) Cnp−1,ns+1,ni+1 =√
(np + 1)nsni Cnp+1,ns−1,ni−1.
(55)
This is not readily soluble. Making a somewhat crude
approximation of np ≈ np ± 1 allows us to factor out
the pump mode in order to qualitatively discuss the sig-
nal/idler modes. We point out once again that since the
pump mode is entangled with the signal/idler modes, this
approximation will effectively be an incomplete treat-
ment of the resulting two-mode state; however, since our
goal is to qualify the joint signal/idler two-mode state, it
remains a valid means of analysis. We note here that the
steady state statistics of the signal(idler) modes, partic-
ularly the entanglement properties, will depend on the
choice of the cumulative phase Φ. Now the recursion
relation simplifies down to
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√
(ns + 1) (ni + 1) Cns+1,ni+1 =
√
nsni Cns−1,ni−1.
(56)
This is, up to a relative phase that can be absorbed
into the coefficients, the steady state recursion relation
for a constant pump. In order to solve this, we make
the approximation that
√
nsni ≈
√
ns (ns + ∆n) where
∆n = ni − ns where we assume ∆n/ns << 1. This ap-
proximation is valid when considering that while the joint
photon number distribution of the two-mode squeezed
coherent states are centered around the diagonal line
ns = ni, or ∆n = 0, most of the distribution is captured
when considering ∆n = 0, ±1. This is shown explicitly
in Fig. 9, where we plot the density matrices for the
signal/pump modes for several values of the cumulative
phase Φ. With this taken into account, the recursion
relation becomes
(
ns + ni
2
+ 1
)
Cns+1,ni+1 =
(
ns + ni
2
)
Cns−1,ni−1,
(57)
with solutions
Cns,ni =
(
Γ
(
1
4 (ni − ns + 4)
)
Γ
(
1
4 (ni − ns + 2)
)
Γ
(
1
4 (ni − ns + 2)
)
Γ
(
1
4 (ni + ns + 4)
))×
×
[
c1 (ni − ns) + (−1)ns c2 (ni − ns)
]
, (58)
where c1 and c2 are arbitrary functions dependent solely
on the mode photon number difference ∆n and the choice
of initial state. Note that the fact the solutions are not
factorisable can be taken as an indication of the entan-
glement between the signal and idler modes. To summa-
rize, the reduced density matrix of a two mode squeezed
state is thermal; for the state in question, the signal/idler
modes are thermal-like at long times. The discrepancy
can be attributed to several things: first, unlike the two-
mode squeezed state, the photon number correlations are
not such that ∆n = 0. Diagonal elements are domi-
nant, but off-diagonal terms exist. Secondly, we are ef-
fectively ignoring the entanglement between signal/idler
modes and the pump.
We attempt one more approximation to illustrate the
entanglement between the pump and signal/idler modes
in the steady state for a non-constant pump. Let us
decompose the state in Eq. 50 as
|ψ (t)〉 =
∞∑
np0=0
∞∑
∆n=−∞
np0∑
n=∆n
Cnp0 ,∆n,n (t)×
× |np0 − n〉p |n+ ∆n〉s |n−∆n〉i , (59)
where ∆n = ni − ns is a constant of motion and we
can view the sum in Eq. 59 as a sum over each ’fixed’
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FIG. 8. von Neumann Entropy S
(j)
ρ (Φ|τ) for the signal
and pump mode, characterized by reduced density ρs (τ) and
ρp (τ) respectively, as well as the von Neumann entropy of an
effective thermal state of similar occupation number for each
case. For long times, the difference between the entropies,
∆S, closely approaches zero for both modes. This shows that
at long times, the signal and pump modes, (but more so the
signal/idler modes) are near-thermal. Interestingly, for the
choice of Φ = pi/2, the pump is most thermal-like.
value of np0 of a number of photons in the pump. Note
that the invariant operator nˆp +
1
2 (nˆs + nˆi) yields np0
for each basis state |np0 − n〉p |n+ ∆n〉s |n−∆n〉i. The
Schro¨dinger equation for the time-dependent state coef-
ficients yields
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C˙np0 ,∆n,n =
√
np0 − n
√
(n+ 1) + ∆n
√
(n+ 1)−∆n Cnp0 ,∆n,n+1 −
√
(np0 + 1)− n
√
n+ ∆n
√
n−∆n Cnp0 ,∆n,n−1.
(60)
The point to note here is that all coefficients in Eq. 60
can be considered to be at fixed np0 and ∆n, with only
n varying. Thus, for a fixed number np0 of pump pho-
tons, the Schro¨dinger equation breaks up into a set of
differential-difference equations in n characterized by the
constant difference ∆n between the signal and idler pho-
ton states. At steady state, we have the equation
√
np0 − n
√
(n+ 1) + ∆n
√
(n+ 1)−∆n Cnp0 ,∆n,n+1 =
√
(np0 + 1)− n
√
n+ ∆n
√
n−∆n Cnp0 ,∆n,n−1, (61)
which is, in general, intractable algebraically. To bring
out the coupling between the pump and the signal/idler
modes, we consider the regime where np0  n  ∆n.
This approximation allows us to expand the radicals
to first order in np0 and ∆n (dropping terms of or-
der O[ (n/np0)2 ] and O[ (∆n/n)2 ] and where terms of
O [(∆n/n)] cancel) to obtain the following approximate
equation as a function of n for fixed np0 and ∆n
2 (np0 + 1) (2np0 − n) (n+ 1)Cnp0 ,∆n,n+1 ≈
≈ 2np0 (2 (np0 + 1)− n)nCnp0 ,∆n,n−1, (62)
with solutions
Cnp0 ,∆n,n = c1
(−1)n+1 (2np0 + 1)
(
np0
np0+1
)n/2
Γ
(
n+1
2
)
√
pi (n− 2np0 − 1) Γ
(
n+2
2
)
− c2
(2np0 + 1) (2np0 + 1)
(
np0
np0+1
)n/2
Γ
(
n+1
2
)
√
pi (n− 2np0 − 1) Γ
(
n+2
2
) ,
(63)
with arbitrary constants c1 and c2. Note that each term
in Eq. 63 nearly factorizes in np0 (pump) and n (sig-
nal/idler - recall that ∆n/n has canceled out to first or-
der), except for the non-factorizable term (n− 2np0 − 1)
in the denominator. It is this non-factorizability of
Cnp0 ,∆n,n which indicates the (weakly) entangled nature
between the pump and the signal/idler modes in the
steady state in the examined regime np0  n ∆n.
VI. CONCLUSION
After reviewing the state statistics of coherently-
stimulated parametric down-conversion with a constant
pump field, we consider the case of a quantized pump
field, initially taken to be a coherent state, with seeded
coherent states in the signal and idler modes. For this
case, we discuss how the state statistics evolve in time,
with particular emphasis on the effects of the cumula-
tive phase Φ = θs + θi − 2φ, where θs and θi are the
signal and idler coherent state phases, respectively, and
2φ is the classical pump phase. We include short-time
analytic expressions obtained through perturbation for
the state properties we discuss. For long times, we em-
ploy a fourth order Runge-Kutta numerical integration
method to find the state probability amplitudes and cor-
responding density matrix. Similar to the case of a con-
stant pump, the statistics of the state rely solely on the
cumulative phase value and not on the individual state
phases. Furthermore, for transient times, we show that
all three modes display sub-Poissonian statistics. In ad-
dition to this, we discuss the entanglement properties
of the state through calculation of the bipartite mono-
tone, the logarithmic negativity. Using this, we consider
the entanglement between signal/idler modes as well as
between the signal/pump modes. We go on to calcu-
late the mutual information to directly find the degree
of entanglement between the pump and joint signal-and-
idler modes. We show that for long times, the steady
state displays thermal-like properties. This is shown by
comparing the von Neumann entropy of the signal and
pump modes with the entropy of an effective ’thermal’
state of equal average photon number. We close with a
qualitative discussion of the two-mode signal/idler steady
state valid for long times as well as a discussion on the
entanglement between signal/idler modes for the regime
∆n/ns and pump mode for the regime np0  n ∆n.
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FIG. 9. Steady state density matrix elements ρn,m for the pump and signal(idler) modes, ρ
(ss)
Pump (Φ) and ρ
(ss)
Signal (Φ), respectively,
for different values of the phase Φ. Note that diagonal elements, ρn,n, denote the mode photon number distribution and that
the steady state for the cases of Φ = 0, pi are the same. For the signal(idler) modes, most of the distribution is captured when
considering elements ρn,n and ρn,n±1 for all cases of the phase, indicating the thermal-like nature of the steady state.
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